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Abstract—Identifying latent variables and their causal relation-
ships with the observed variables is an important yet challenging
problem. Existing works may face empirical challenges such as
testing-order dependency, error propagation, and selection of
an appropriate significance level. The complex nature of the
problem also poses difficulties in scaling up to large data. In
this work, we tackle these challenges in the problem known
as measurement model learning. We propose a computation-
ally efficient two-step procedure involving low-rank subspace
identification and clustering. The first step is to retrieve from
the observed covariance matrix a low-rank matrix that reflects
the measurement model structure. The second step conducts
clustering of the observed variables given the found low-rank
matrix using what we call selective flipping. Our theoretical
analysis shows the optimality of the proposed method in the large
sample limit. Experimental results demonstrate that the proposed
method achieves improvements in both learning accuracy and
computational efficiency.

Index Terms—measurement models, latent variable, causal
learning, clustering.

I. INTRODUCTION

Latent variable models [1]-[4] play a fundamental role in
understanding causal relationships when some unobservable
or unmeasurable variables have causal impacts upon observed
data. Latent variable models extend structural causal models
(e.g., [5]) by incorporating hidden or latent variables that
influence observed variables, and they make an important part
of trending topics such as causal representation learning and
reasoning [6].

Learning measurement models [2], i.e., discovering latent
variables and their connectivity with the observed variables is
an essential part of latent variable causal modeling. Existing
works include constraint-based methods using, e.g., condi-
tional independence constraints [7], [8], Tetrad conditions [9]-
[11], or rank deficiency tests [3], and scored-based methods by
optimizing, e.g., the BIC criterion [12] that subsume measure-
ment model learning. Constraint-based methods may face em-
pirical challenges such as testing-order dependency and error
propagation, and selection of an appropriate significance level;
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while more recent score-based methods are limited to small-
scale data due to the highly complex nature in jointly learning
the measurement model and the latent causal structure, which
involves optimizing both discrete (binary adjacency matrices)
and continuous variables (edge weights) [12].

In this work, we tackle these challenges by leveraging rank
deficiency properties but in a different way as those used
in constraint-based methods. We propose a method involving
low-rank subspace identification and clustering. Under the 1-
factor measurement assumption [2], we show that the mea-
surement model can be recovered from observational data,
without any knowledge on the latent variables such as their
number or the causal structure among them, via a simple and
computationally efficient two-step procedure.

The first step is to extract a low-rank matrix from the ob-
served covariance matrix in view of its low-rank plus diagonal
structure. Specifically, both regular singular value decomposi-
tion (SVD) and heteroskedastic PCA [13] are considered for
recovering the low-rank matrix that captures the interactions
between the latent variables and the observed ones. We show
that the low-rank matrix reveals the clustering pattern of the
measurement model. Subsequently, the second step leverages
the factor matrices of the found low-rank matrix to conduct
clustering of the observed variables. For this purpose, a tech-
nique that we call selective flipping is proposed. We provide
theoretical analysis showing the optimality of the proposed
method in the large sample limit. Experimental results show
improvements in both learning accuracy and computational
efficiency by the proposed method.

II. BACKGROUND

For an integer m > 1, let [m] denote the set of integers
{1,...,m}. For any matrix A, the i-row and j-th column
of A are denoted as A;. and A.; respectively. For any
square matrix A, let Diag(A) be the diagonal matrix whose
diagonal is identical to that of A. Given a set of numbers
{wi}i=1.....m, Diag(ws,...,ws,) denotes the diagonal matrix
whose diagonal entries are w;’s in the same order.

A. Problem Setting

Definition 1. A linear latent variable causal model (LVCM)
with a directed acyclic graph (DAG) G has the observed



variables X = (Xi,...,X,,) and latent variables L =
(L1,...,L,) that follow the generating process:

L=C'L+N; and X = BL+ Ny,
where N; and Nx are jointly independent Gaussian noise
terms. The DAG G is such that Ly, — Ly is an edge if Cxe # 0
and L — X; is an edge if B;; # 0, with real-valued edge
weights (in B and C).

The goal of this work is to identify the latent variables and
their relationships with the observed variables in a LVCM.
This means learning the graphical structure of B

G(B) = {(i,0) € [m] x [r] : By # 0}

from only the observational data of X. Note in particular that
no knowledge about the LVs such as the number r or the
causal structure G(C') is given.

Let X x and ¥ be the population covariance matrices of
the observed variables X and the LVs L respectively. Let 2x
and 2, be the diagonal covariance matrices of the noise terms
Nx and Np. Then ¥, satisfies ¥y, = (I-C)~TQp(I-C)~L.
By Xx = BYX BT + Qy, it follows that

Yx =B -C)"TQ,(I-C)"'BT +Qy. (1)
Remark 1 (Equivalent LVCMs [12, Lemma 1]). For any
parameters B,C,Qx,Qp, and Xx following (1), there ex-
ist B and C (obtained through diagonal scaling) satisfying

G(B) = G(B) and G(C) = G(C) such that
Yx=B(I-C)"T1-C)'BT 4+ Qx.

As a consequence, one can set 2 = I, without loss of
generality, which is the setting adopted in the rest of the paper.

The following structural assumption is used when consid-
ering LVCMs with which each observed variable has a single
latent variable as parent node.

Assumption 1 (1-factor measurement [2]). For X following
a LVCM (Definition 1), each observed variable has a single
latent parent, and each latent variable has at least three
observed variables as children.

Definition 2. Under Assumption 1, the graph G(B) defines
a label function ¢ : [m] — [r] such that for any ¢ € [m]:
¢(i) = ¢, where ¢ is the unique index satisfying B; , # 0.
The cluster of the ¢-th latent variable L, refers to its observed
children, i.e., the subset of X indexed as follows:
CW)y=¢ (O ={icm]:o()=0). @
The accuracy of an estimated clustering result with respect
to the ground-truth can be measured by the Normalized
Mutual Information (NMI) [14] and the Adjusted Rand Index
(ARI) [15], both ranging from 0 to 1 (with 1 indicating perfect
recovery of the sought clustering).

III. PROPOSED METHOD
A. Clustering via Subspace Identification

Under the common assumption that the latent variables are
much fewer in number than the observed variables [2], equa-
tion (1) corresponds to a low-rank plus diagonal decomposi-
tion (e.g., [16]-[18]) of X x, in the form of ¥ x = X, + Qx,
where (Qx is the diagonal matrix of the noise variances and
>, is the low-rank component written as

Y, =B(I-C)"*(1-0C)"'BT. 3)

The low-rank component 3., is responsible for the observed
covariances that are solely due to the cause-effect interactions
between the latent variables and the observed ones.

Recovering Y, is possible through the SVD of ¥ x when the
noise terms of the LVCM are homoskedastic, i.e., all diagonal
entries in {)x are equal. This is because {2x being a multiple
of the identity matrix, its impact on the sum X x = 3, + Qx
can be canceled out from the singular values of X x, which
boils down to subtracting the noise variance from the singular
values, as detailed in line 3 of Algorithm 1.

Algorithm 1 Subspace identification (homoskedastic case)

1: Input: covariance matrix X, rank parameter k

2: Compute the SVD of X written as ¥ = USUT where
S :=Diag(s1,...,8m) for s1 > -+ > sp,.

3: Update singular values for i € [m]: s;  s; — @ where
@ denotes the median of {Sky1,...,Sm}-

4: Output the k leading singular vectors and singular values:

U(k) = [U;71, ey U;Jg], S’(k) = Diag(sl, ey Sk)

We study the output (U, S(r)) of Algorithm 1 given Xy
(with the rank parameter kK = r), which consists of the r
leading singular vectors of X x and corresponding singular
values adjusted by noise variance-subtraction. The number r
of latent variables is an unknown parameter of the problem,
which will be addressed in Section III-B.

The following theorem shows how the subspace information
of ¥ x by Algorithm 1 helps revealing the clustering pattern
of the measurement model. Proofs to the results including
Theorem 1 are given in Appendix A.

Theorem 1. Suppose a LVCM (Definition 1) satisfies Assump-
tion 1 and has homoskedastic noise terms, i.e., all diagonal
entries in Qx are equal. Let (U(T),g(r)) be the output of
Algorithm 1 given the population covariance qmtrix Yx and
parameter k = r as input. Then Y = U(T)S“('ET) satisfies: (i)
for any LV Ly € L, the rows of Y corresponding to its cluster
C(0) (2), namely {Y;. : i € C(£)}, are confined in a unique
one-dimensional (row) subspace; (ii) any pair of rows of Y
from two different clusters live in different subspaces.

Remark 2. Theorem 1 can be extended to the case of het-
eroskedastic noises if one has Y that still satisfies YY T = 3,.
In such case, the r leading singular vectors are generally
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(a) A LVCM satisfying Assumption 1. (b—d) Illustration of Theorem 2 and Algorithm 2: (b) Rows of Y with parameter k # r; (c) Rows of Y

(k = r) after normalization and before selective flipping; (d) Possible outcomes of rows of Y (k = r) after selective flipping.

no longer the sought subspace due to the non-homogeneous
noise variances. However, HeteroPCA [13] provides a way to
estimate the subspace information of X, which we will also
denote as (U, g(r)) in Algorithm 2 to be introduced next.

Theorem 1 shows that the clustering pattern of G(B)
identifies with the subspace memberships of Y’s rows.

B. Algorithm

The result in the previous section shows that by inferring the
subspace information of the low-rank component 3, (3), one
can discover the measurement model structure of the LVCM
provided that the parameter k equals the rank of X,. The
difficulty is due to this unknown rank. Inldeed, by Theorem 1,
the rank chosen for matrix ¥ = U(r>§5 ) through truncated
SVD should be the number of latent variables r, which is
unknown. With only finite samples of X, it is not obvious to
infer accurately this optimal rank just from the spectrum of
the sample covariance matrix Y, since the noise terms Nx can
add non-negligible perturbations to the SVD of .

1) Selective flipping: To address this difficulty, we propose
a two-step method, detailed in Algorithm 2, which can be
used in a simple model selection procedure for choosing the
rank k. The selection criterion is based on the sum-of-norms
(SON) function that measures the accuracy of centroid-based
clustering [19]-[21]. More precisely, given the outputs of
Algorithm 2, namely Y := [y, ..., ym|" and the clustering’s
label function ¢, define the SON objective function as

m

Z llyi —

where ¢4 (y;) \C(¢>(z ‘ Z;ec (i) Yj» with C(-) defined
in (2) (Deﬁnition 2), is the centr01d of the cluster containing ;.

Then we have the following result.

5 (yi)3, “4)

Theorem 2. Under Assumption 1, and given N samples from
a LVCM (Definition I, with r latent variables), let (¢ 1y, Y (k)
be the output of Algorithm 2 using rank parameter k. Then
we have, in the large sample limit (N tends to o0): (i) for
k = r, the SON value <I>(Y(T) b(ry) converges to zero; and

(ii) D(Yir), b(r)) < @Yy, biy) for all k # 7.

The key ingredient for the above result is the selective
flipping operation in Algorithm 2, which maps the rows of
Y of each true cluster from different places of their subspace
(due to positive and negative weights in B) onto one unit-
norm vector, as illustrated in Fig. 1 (c-d). Since k-means is a

centroid-based method, the rows of }7(k.) (when k = r) after
selective flipping allow k-means to recover the true clusters,
which will be reflected by a close-to-zero SON value.

Algorithm 2 Proposed method
1: Input: Observational data &', rank parameter k, small
enough tolerance € € (0,1)
2: Subspace identification: get (U, S‘(k)) using Algo-
rithm 1 or alternatively HeteroPCA [13, Algorlthm 1]
and Y U ( k)S

4; Normalization: for D = Diag(3), update by

3: Compute: Y= U(R)S(k)U(k)

g D_§§]D_§, Y « D2V

cfori=1,....,m—1do
forj=i+1,...,mdo

#Selective Flipping

11: end for

12: end for

13: Label function ¢ < Perform k-means over the rows of Y
14: Output: ¢ and Y

2) Model Selection: Based on Theorem 2, we consider a
simple model selection procedure as follows:
(a) Determine a range of rank parameters for selection,
[kmin, kmax), depending on the singular values {s;}i=1.._.m
of the sample covariance matrix $. In our experiments (with
large m), we set knin = 3 and kpax as the smallest k& such
that the sum of the k leading s;’s attain 99% of the total sum.
(b) For all k in [kyin, Fmax], run Algorithm 2 with k; get
the SON value ®(Y(y), ¢(x)). Then finally select the output
attaining the minimal SON value.

We label Algorithm 2 with the model selection procedure as
LVlearn. The variant with HeteroPCA in Algorithm 2 (line 2)
is labeled as LVlearn-NV (for Non-equal Variances).

IV. EXPERIMENTS

We conduct experiments to evaluate the proposed method!
in the learning of measurement models and to compare it with
FOFC [11] and ClustVarLV (CLV) [22].

For the ground-truth 1-factor LVCMs, we consider m = 100
observed variables and » = 10 LVs, with edge weights in

'Implementation available at https://github.com/shuyu-d/Ivlearning-exp.



B generated from the uniform distribution Unif([—2, —0.5] U
[0.5,2]), and the graph G(C) is drawn from the ER2
DAGs [23]. The noise terms in Nx follow Gaussian distri-
butions with (i) variances equal to one in the homoskedastic
case, and (ii) variances sampled uniformly from [1, 3] in the
heteroskedastic case. The data of X is then generated following
Definition 1 with sample size N ranging from 100, 200 and
up to 3200. We evaluate estimated structures of B using the
clustering scores ARI and NMI. Each learning task is run with
5 random trials. In light of Theorem 2’s proof, we tune the
tolerance parameter e of Algorithm 2 through grid search with
100 samples, and then fix it to the chosen value (0.07).

On the above data, Fig. 2 shows evidence that LVlearn
retrieves near-optimal rank choice with small enough sample
sizes (N = 100 and 200), and starts to recover the optimal
rank for 500 samples and more. The recovery scores in NMI
of all chosen solutions range from 0.9 to close to 1.
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Fig. 2. Model selection with Algorithm 2 for different sample sizes from a
LVCM with » = 10 latent variables and m = 100 observed ones. Left: mean
SON value of different models (k); Right: mean accuracy of the models.

TABLE I
RESULTS ON DATA FROM LVCMS WITH m = 100 (OBSERVED) AND
r = 10 (LATENT) WITH HOMOSKEDASTIC NOISES.

N Algorithm ARI NMI time (sec)
100 LVlearn 0.73 £ 0.09 0.89 £ 0.05 0.501
100 CLV* 0.76 + 0.11  0.90 £ 0.05 1.428
100 FOFC 0.39 + 0.01 0.71 £ 0.02 16.401
400 LVlearn 091 £0.10 0.97 £ 0.03 0.575
400 CLV* 0.81 + 0.04 0.93 £+ 0.02 2.123
400 FOFC 0.57 £ 0.06 0.82 + 0.03 12.990
1600 LVlearn 0.98 + 0.03 0.99 + 0.01 0.632
1600 CLV* 0.81 + 0.06 0.93 £+ 0.02 4.285
1600 FOFC 0.58 + 0.02 0.82 £ 0.02 15.205
3200 LVlearn 1.00 + 0.00 1.00 + 0.00 0.654
3200 CLV* 0.83 & 0.07 0.94 £+ 0.03 6.720
3200 FOFC 0.56 + 0.05 0.81 £+ 0.02 12.783

On data with homoskedastic noises (Table I and Fig. 3 (a)),
LVlearn outperforms the baselines in accuracy and compu-
tation time in all settings (except for 100 samples, where
comparable accuracy as CLV* is observed). Specifically, CLV*
indicates CLV-kmeans [22] using the same k parameter from
our LVlearn. The running time of CLV* does not include
the time for selecting k& while ours does. Fig. 3 (b) shows
that LVlearn-NV outperforms the baselines on heteroskedastic
noised data.

—+— LVlearn —— CLV —+—LVlearn-NV—— CLV
—+— FOFC —+— FOFC
s10 B 4 5 o g
Z ¢ ; N Z
> ) >
O o 0 0 9
£08 //'-—*"\* e
35 8 =)
|9} [}
2 < L
10? 103 102 103

Number of samples (N) Number of samples (N)

(a) Homoskedastic noises (b) Heteroskedastic noises

Fig. 3. Learning accuracy by different number of samples from LVCMs with
r = 10 LVs and m = 100 observed variables.

V. CONCLUSION

We proposed a new method for learning measurement mod-
els involving low-rank subspace identification and clustering
techniques. Under the 1-factor measurement assumption [2],
we showed that, in the large sample limit, the proposed
method is guaranteed to discover graphical structure of the
measurement model. The proposed method showed improved
computational efficiency while attaining better learning accu-
racy in the experiments.

APPENDIX A
~1

Proof of Theorem 1. For Y = U(T)Sg_), we have YYT = %,
since the output of Algorithm 1 gives the exact SVD factor
matrices of X,. Note that 2x is a multiple of the identity
matrix, the last m —r singular values of ¥ x equal the constant
noise variance, and the subtraction operation (Algorithm 1,
line 3) produces the singular values of X,. Therefore YYT =
ZZ7T for Z .= B(I — C)~T, where all rows in Z are strictly
nonzero (as (I—C)~7T is invertible given that G(C) is a DAG).
Thus the angle between }71 and ffj equals that between Z-,:
and Z; ., for any pair i, € [m]. We proceed as follows.

If X; and X are in one cluster C(¢), i.e., By # 0 and Bj; #
0 for an ¢ € [[r], then their rows in Y, namely 57; and }7',;,
belong to the same 1-dimensional row subspace, because the
angle between them equals the angle between Z, . = B;y((I —
C)™ ). and Z;. = Bj((I — C)~T),., which has cosine
value in {—1,1}.

Otherwise, if X; and X are in different clusters, then their
rows in Y are separated by a strictly nonzero angle depending
only on the causal matrix C, as it equals that between B;,((I—
C)™ ")y, and By (I—C)~ 1)y . for £ # ¢, which are linearly
independent ((I — C)~7T being invertible). O

Proof of Theorem 2. (i) When k = r, the matrices output
by Algorithm 1 (or HeteroPCA [13] under heteroskedastic
noises), U, and S’(T), converge to the SVD factor matrices of
>, in the large sample limit. Therefore (via Theorem 1, i), the
normalization and selective flipping operations (Algorithm 2,
lines 4-12) map the rows of Y of each single cluster onto
one single vector (in R") with unit-norm, since the flipping
operates only on rows with opposite directions (with small
tolerance € on the angle). Rows from different clusters are
always in different subspaces separated by constant angles



(Theorem 1, ii), which entails a constant range in (0,1) for
the tolerance € to be valid. Hence the centroid of each cluster
of rows in the output ffm coincide with all those rows. This is
an extremely favorable case where k-means recovers exactly
the clusters [19]. Hence <I>(}7(T), ¢(ry) converges to zero.

(i) Otherwise, when k # r, the mutual angles between
the rows of }7(k) are no longer equal to those with Z :=
B(I — C)~T. This induces perturbations to the rows of
f/(k) around their respective centroids, leading to SON values
bounded away from zero. [
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